The discovery of non-Euclidean geometry by Salnaja, Alma & Rho, Aran
ROSKILDE UNIVERSITY 
The Discovery of Non-
Euclidean Geometry 
 
 
Alma Salnaja, Aran Rho 
Supervisor Jesper Larsen 
 
 
 
 This project gives a basic understanding of the difference between the Euclidean geometry 
and the non-Euclidean geometries (elliptic and hyperbolic). Furthermore the focus of the 
project is to describe the discovery of non-Euclidean geometry in the view of Kuhn’s paradigm 
shift as proposed in his book  “The structure of scientific revolutions”(1962).  This was done by 
matching the steps necessary for a paradigm shift described by Kuhn to the historical process 
of the discovery of non-Euclidean geometry. Analysing the steps, it was found that the 
paradigm shift could be split into four phases: a previous normal science, an anomaly, a crisis, 
and a new normal science. In this project the discovery of non-Euclidean geometry is 
explained as a revolution in the history of mathematics. Euclidean geometry can be seen as a 
previous normal science. The long discussion around the Fifth Postulate is an anomaly, 
followed by the crisis of attempting to expand geometry into including non-Euclidian theories 
during the 19th century with Gauss, Lobatchewsky and Bolyai. The culmination finally came 
with Riemann, Beltrani and Klein in a new paradigm with a synthetic view, where different 
assumptions about the fifth postulate result in different geometries.  
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Introduction 
 
Many people have tried to explain scientific revolutions and what importance they 
have on science and society. It wasn't so long time ago the term “paradigm shift” was 
coined, but looking back, it’s possible to find it in many cases of it and in different fields 
of science, In this project the concept of paradigm shift used to describe and give an 
understanding of how a revolution happened in geometry, when Euclidean geometry 
stopped being the only geometry. 
In 1962 Thomas Kuhn wrote the book “A structure of scientific revolutions” where he 
defined “paradigm shift”. He created new way how to look at change in science. Two of 
the most known short explanations of paradigm shift, by his words are “one conceptual 
world view is replaced by another” and “ A paradigm is what members of scientific 
community, and they alone, share.” Meaning that the old view were replaced by new 
paradigms. If we look at Euclidean geometry, people, by knowledge of Euclidean 
geometry supposed, that world is flat, but according to new discoveries, scientists now 
understand this is not the case, but univers is rather curved, thats came along with 
concept of elliptic and hyperbolic geometry.  
In his book, Thomas Kuhn wrote about, how intellectual progress changes the world 
around us. It’s inaccurate to think that change in perception of things is happening by 
every new discovery and realizations humans are coming to. 
In Kuhn’s mind, the scientific revolution occurs when scientists discover an anomaly 
in the old paradigms, which they aren’t able to explain or prove. In Euclidean 
geometry, the anomaly was the fifth postulate, which wasn't as self evident as Euclid 
could have taken it to be. 
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For describing this paradigm shift, it’s important to first find the basis of it, starting by 
previous normal science, which includes past scientific achievements, which can be 
called paradigms. People study paradigms to understand them and to be able to 
participate in discussions  in specific scientific communities, therefore those who base 
their research on the same paradigms are bounded by the same standards of scientific 
practice and rules. Thus, paradigms help the scientific community to build on 
organized system to be led by. The previous normal science here theme is Euclidean 
geometry, and belt in it was very strong, It did not change or was argued against for 
over two thousand years.  
The starting point to create a paradigm, is to gather facts and find the phenomena, 
but for further development of a paradigm, there needs. To be scientists with the same 
perception who create movement towards a new paradigm, and in order for the new 
paradigm to be accepted, they need to be verifiable and improved in comparison with 
the old paradigm. Carl Friedrich Gauss was the first person who succeeded with proof 
of existence of other geometries then Euclid’s, after him came Johann Bolyai and 
Nicolai Ivanovitsh Lobachewsky, who led the paradigm to acceptance in the society of 
mathematicians.  
When scientists with the new paradigm are able to create a  synthesis which attract 
most of the next generation’s scientists, the old paradigms slowly disappear and that 
way the paradigm shift occurs. Those scientists are left with the old perception, and 
cannot adapt to the new paradigm, commonly end up shifting their fields instead of 
contradicting with the new perspective; one of the fields they can apply themselves, 
then, is philosophy.    
 The transition from one paradigm to another is called revolution of science and it 
usually develops by pattern of mature science.  
To sum up the phases of the revolution in the development of non-Euclidean 
geometry  match the process of the revolution which Kuhn describes in his book: 
●  a previous ‘normal science’, - Euclidean geometry, 
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●  the anomaly - the fifth postulate, 
●  crisis - the discovery of non-Euclidean geometry 
● new normal science - non-Euclidean geometry  
 
 The aim of this project is to look at the discovery of non-Euclidean geometry 
particularly in a paradigm shift perspective, so that one can understand the importance 
of non-Euclidean geometry and its overall historical meaning. (Khun.) 
To give a better understanding of this project, we provide a timeline of the historical 
events which will be described in the following project: 
 
 
 
 
 
1. 300 years before Christ was found the first Euclid work 
2. From 410-485 Proclus work 
3. In 1733 Sacchari published a book   “Euclides ab omni naevo vindicatus” 
4. In 1818 Gauss’s work on non-Euclidean geometry 
5. Lobatchewsky published a memoir “On the Principles of Geometry”(1829-30)  
6. In 1832 Bolyai published a book “A veritate aut falsitate Axiomatis XI, Euclidei, a 
priori haud unquam decidenda, independenyem: adjecta ad casum falsitatis 
quadrature circuli geometrica” 
7. In 1854 Riemann published “Über die Hypothesen welche der Geometrie zu 
Grunde liegen” 
8. Beltrami shows the consistency of non-Euclidean in 1868 
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9. Felix Klein finds the way to calculate explicit distances between two points, 
established in 1872  
10. The general theory of relativity in 1915 
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Problem formulation 
 
 How can we apply the notion of paradigm shift to describe the discovery of the non-
Euclidean geometry? 
 
Hypotheses  
 
● A paradigm shift happened in geometry when Euclidean geometry stopped 
being the only known geometry and other non-Euclidean geometry came along. 
 
 
● This revolution is not confined to geometry due to the interrelation between 
different fields of mathematics, in addition the interrelation between 
mathematics and other science. 
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Kuhn's Paradigm shift 
 
Thomas S. Kuhn is a world known philosopher of science. Kuhn spent most of his 
life investigating the history of science and how science is structured, He had many 
followers and nowadays he is an icon for people who are interested in this field. One of 
the biggest achievements in his life is the book “The Structure of Scientific Revolution”. 
In this book, Kuhn introduces scientists with the term “paradigm shift”. Put simply a 
paradigm shift is a radical change in underlying beliefs or theory. (Nickles) 
 
All paradigm shifts starts with a previous “Normal Science”: research firmly based 
upon one or more past scientific achievements, achievements that some particular 
scientific community acknowledges for a time as supplying the foundation for its further 
practice.” (Kuhn, ch 2). Normal science is based on certain “Paradigms”. A paradigm is 
a scientific achievement which has two characteristics - “sufficiently unprecedented to 
attract an enduring group of adherents away from competing modes of scientific 
activity” and “sufficiently open-ended to leave all sorts of problems for the redefined 
group of practitioners to resolve.” (Kuhn ch 2) People who share paradigms are 
bounded by rules and standards of scientific practice. 
 
Normal science consists from basic points: 
● Fact-gathering, experiments and observations, which later are shared in 
scientific journals with other scientists.  
● Fact maching with theory, scientific theory being compared with nature. 
● Implication of paradigm theory, which defines the problem and guarantees the 
existence of a stable solution and the problems of paradigm must be 
simultaneously theoretical and experimental 
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When scientists work with the Normal science, they aim to base their experiments 
on accepted knowledge and to discover what is known in advance. Kuhn describes in 
his book, that for “scientists the results gained in normal research are significant 
because they add to the scope and precision with which the paradigm can be applied.” 
(Kuhn, ch 4) 
The danger to existing normal science is the discovery of an anomaly, which is a 
contradiction in the previous theories, such that unsuspected phenomena is 
established and repeatedly uncovered by scientific research and new theories, 
radically different from existing ones, are then formulated. 
After detecting the anomaly, scientists explore the area surrounding it and try to 
understand its nature. The research can be called finished only when the anomalous 
becomes expected and therefore the current theory has to be adjusted; but the new 
fact cannot be approved before scientists have learned to see nature from another 
perspective.  
 Recognition and acknowledgment of anomalies often results in crises in the 
scientific community. The crisis is acknowledged when the new theories are brought 
because existing ones fail to solve the problems defined by the same theories. The 
core of the crisis is a technical breakdown, it’s necessary to distinguish conflict 
between the theory and facts. Usually the upcoming crisis is expected and can be 
used as a retool for science. 
When a crisis already exists, the scientists tend to modify the available theories, 
therefore eliminating any contradiction, by that the new paradigms can take centuries 
in being accepted. After a huge struggle in the scientific community, the crisis can end 
in three different ways: 
● The crisis in handled by the normal science and goes back to its norm. 
● The problem is not solvable with existing tools, so the crisis is delayed until the 
development of more advanced tools. 
● New paradigm emerges and the fight for It’s acceptance starts. 
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When existing paradigms start to transform, scientific revolutions occur and 
successive transition from one paradigm to another takes place, Kuhn calls it a 
developmental pattern of mature science. 
 Before and during a scientific revolution, previous paradigms are questioned and 
scientists opinions about whether the fundamental problems of their field have been 
solved or not differs. Later on, communities of scientists with new worldview starts to 
develop.  
After a paradigm shift, the scientists have to learn how the new paradigm works and 
reeducate themselves to see world from another perspective, so that they can continue 
to provide more research with the new knowledge.  
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Chapter I Normal Geometry 
 
Geometry 
   
  What is the best way to prove that “The sum of angles of a triangle is 180 degrees”? 
The simplest method is to measure three angles of a triangle directly. However, it is 
easily to notice some problems with this approach. First of all, even if it was possible to 
measure the angles and show that they are equal to two right angles for a lot of 
triangles, this isn’t necessarily true for triangles in general; it only gives proof for the 
chosen triangles. Secondly, it should be considered that very small gaps and errors 
inevitably exist when measuring on paper. In addition, it is difficult to make sure that 
the triangle drawn gets sufficiently close to the ‘ideal’ triangle. For example, the triangle 
can be drawn on a curved surface or the lines that make up such triangle might not be 
straight . 
 
 The word ‘geometry’ literally means ‘Earth measurement’. The ancient Egyptians, who 
were the first people who did geometry as we know it, seem not to have considered 
the problems described above. They don’t seem to have had and abstract concept of 
the terms ‘line’ and ‘point’; they likely only sought to represent a stretched cord and a 
peg in the ground. For them, geometry, like its literal meaning, was merely one kind of 
method to measure their land for every annual overflow of the Nile, (Roe, Chapter. 1) 
  
Unlike the Egyptians, Greek philosophers attempted to handle the geometry abstractly. 
They introduced idealized points and lines, made an idealized world to apply them and 
put the laws of geometry that ancient Egyptians already used in this idealized world. 
These Greek philosophers not only succeeded in making idealized notions, but also 
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contributed with the first steps towards mathematical models. The Greeks made 
geometry deductive; they started on the basis of unquestionable premisses, or axioms, 
and worked to find out newer geometric truths. (Roe, Chapter.1) 
 
 
Euclidean Geometry 
 
 The most important person in the foundation of geometry is Euclid, who was one of 
the greatest mathematicians of his time, together with Archimedes, and Apollonius. 
The whole process of making a geometry absolutely deductive, organized and codified 
was written in his book The Elements, the most influential textbook in the mathematical 
history, made up of thirteen volumes. For more than two thousand years, this book 
was the standard textbook in geometry. (Roe, Chapter.1, Faber, Chapter. 2) 
 
 The following are the basic assumptions in The Elements: 
 
The Common Notions 
1.  Things which are equal to same thing are also equal to one another. 
2.  If equals be added to equals, the wholes are equals. 
3.  If equals be subtracted from equals, the remainders are equal. 
4.  Things which coincide with one another are equal to one another, 
5.  The whole is greater than the part. 
 
The Postulates 
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1.  (It’s possible) to draw a straight line from any point to any point. 
2.  (It’s possible) to produce a finite straight line continuously in a straight line. 
3.  (It’s possible) to describe a circle with any center and distance. 
4.  That all right angles are equal to one another. 
5.  That, if a straight line falling on two straight lines make the interior angles on the 
same side less than two right angles, the two straight lines, if produced indefinitely, 
meet on that side on which are the angles less than the two right angles. (parallel 
postulate) (Katz, chapter 1) 
 
 
 
Mathematics is built on theorems, axioms and postulates; and for any new result to 
be approved by other mathematicians, the person who claims it needs to provide a 
logically consistent proof. To exemplify this, a proof regarding the sum of the internal 
angles in a triangle is given. 
 
For this proof, the following Theorem derived from the fifth postulate will be used; it’s 
proof is not deemed necessary, however. 
Theorem 1  
If two parallel lines are intersected by a transversal, then 
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● alternate interior angles are congruent, 
● alternate exterior angles are congruent, 
● corresponding angles are congruent, 
● interior angles on the same side are supplementary, 
● exterior angles on the same side are supplementary. 
 
 
 
 Theorem 2 (about the sum of the internal angles of a triangle) 
In any triangle: 
● The measure of an exterior angle equals the sum of the two opposite interior 
angles. 
● The sum of the measures of the interior angles equals two right angles. 
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Proof 
Let ∠ACD be exterior to triangle ABC. First need to show that m∠ACD = m∠BAC + 
m∠ABC, so we construct a line CE which is parallel to a line AB. By theorem 1  we 
know that since ∠BAC and ∠ACE are alternate interior angles with line AC as the 
transversal, these angles are congruent. By the same theorem  ∠ECD ≅ ∠ABC, since 
they are corresponding angles with transversal line BD.  From that follows: 
 
m∠ACD = m∠ACE + m∠ECD, 
 
This is what we want: 
 
m∠ACE + m∠ECD = m∠BAC + m∠ABC 
 
to see that the sum of the interior angles is the same as two right angles, we 
continue by noting that  
 
m∠ACB + m∠ACD = m∠ACB + m∠BAC + m∠ABC. 
 
From that we can conclude that, right side is the sum of interior angles and the left 
side in equal to two right angles because ∠ACB and ∠ACD are supplementary. 
(L.Michael chapter 5) 
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Chapter II Anomaly 
 
Fifth Postulate 
 
Literally, non-Euclidean geometry means different kind of geometry than Euclidean 
Geometry. As background for the appearance of this geometry, there were many 
polemics around the fifth postulate in mathematical history. From ancient Greek to the 
beginning of the 19th century, numerous mathematicians attempted to prove the fifth 
postulate (also called ‘parallel postulate’) as a theorem using the other four postulates. 
Dissimilar to others, the fifth postulate seems complex, complicated and non-self-
evident as a basic assumption constructing the Euclidean geometry, and looks more 
like a theorem rather than a postulate. For this reason, the last postulate was 
questioned for over two thousand years. (Bonola, chapter 4) 
  
● Fifth Postulate:  That, if a straight line falling on two straight lines make the 
interior angles on the same side less than two right angles, the two straight 
lines, if produced indefinitely, meet on that side on which are the angles less 
than the two right angles. (The Elements) 
 
The formulation of this postulate looks too complex to be easily accepted as a 
postulate. 
 
Initially, mathematicians had thought that due to the completeness of the logical 
structure of Euclidean geometry, it was the only geometry in the world. Their approach 
to the parallel postulate was limited and narrow. Proclus (410-485 AD), who was the 
writer of a commentary on Euclid, is also an example of those who tried to prove the 
fifth postulate from the remaining postulates. (Bonola, chapter 4) 
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 “This ought to be struck from the postulates altogether. For it is a theorem-one that 
invites many questions, which Ptolemy proposed to resolve in one of his books-and 
requires for its demonstration a number of definitions as well as theorems”  
(Hartshorne, chapter 7) 
 
 The following is his attempt to prove the fifth postulate as a theorem: 
 First, he accepted one axiom that was used by Aristotle. 
  
 
 
Aristotle’s Axiom: If from a single point two straight lines making an angle are 
prolonged indefinitely, the interval between them will exceed any finite magnitude. In 
other words, given any angle BAC, and given a segment DE, there exists a point F on 
the ray AB such that the perpendicular FG from F to the line AC will be greater than 
DE. (Hartshorne, chapter 7) 
 
 And Proclus proceeded his own proof of the parallel postulate: 
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  If a straight line cuts one of two parallel lines, it cuts the other also. 
 
 
 There are two parallel lines AB and CD, and the ray EF cuts AB, with F on the side 
toward CD.  
By Aristotle’s axiom to the angle BEF, the ray EF can be extended indefinitely and its 
interval from the line AB will exceed the distance between the parallel lines, and so it 
must cut the line CD. (Hartshorne, chapter 7) 
 
 Proclus proved the fifth postulate very easily using Aristotle’s axiom, however, this 
proof could be refuted in two ways. First, there’s the fact that he assumed another 
axiom (the axiom of Aristotle). Consciously or unconsciously, one often ends up 
assuming what turns out to be an equivalent to the parallel postulate. Fortunately, in 
this case, Aristotle’s axiom does not imply the parallel postulate by itself. 
 Secondly, he used the term “the distance between the parallel lines” when the points 
out that one line has same distance with another line. By definition, parallel lines are in 
the same plane but do not meet each other, but it doesn’t ensure that the two parallel 
lines have constant distance between them, and actually this assumption of same 
distance between the two parallel line is enough to prove the fifth postulate.  
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Saccheri’s work 
 
 In the eighteenth century, Gerolamo Saccheri (1667-1733), an Italian professor of 
mathematics at the University of Pavia and the author of the book “Euclides ab omni 
naevo vindicatus (Euclid freed of every flaw)”(1733), attempted to prove the last 
postulate with others by the indirect method1. (This attempt is known as the first use of 
the indirect method in a proof). He hoped to find a contradiction during the process but 
no contradiction could be found. Rather, some theorems of Non-Euclidean geometry 
appeared in his conclusion, including theorems that are very famous nowadays. 
Actually, the first 32 propositions are a wonder in mathematical history because they 
hold also in non-Euclidean geometries. (Hartshorne, chapter 34) Unfortunately, since 
these conclusions were inconsistent with his hope and belief, Saccheri stopped his 
work in this subject. (Bonola, chapter 4) 
In his book, Saccheri considered a quadrilateral ABCD such that CA=DB and both 
line segments are perpendicular to the AB. (About 600 years earlier, al-Khayyāmī had 
already considered the same quadrilateral.) 
 
                                               
1
  indirect method- uses contradiction. (...)The idea behind the indirect method is that if what 
you assumed creates a contradiction, the opposite of your initial assumption is the truth. 
(Faber.) 
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Then, it is easy to show that the angles C and D are equal, using only Euclidean 
propositions not requiring the parallel postulate.(Katz, chapter 14) (By drawing two 
diagonals AC and DB and using the SAS congruence, and its possible to use SAS 
congruence because parallel postulate does not imply the SAS(Side-Angle-Side) 
congruence. (Elements I, 4) ) 
There are three possibilities for these angles C and D: that they can be both right, 
both obtuse, or both acute angles. Saccheri showed that the each hypothesis is 
equivalent to the line segment CD being equal to, less than, or greater than the line 
segment AB, respectively, i.e.: 
 
1. The angles C and D are both right.The line segment CD is equal to the line 
segment AB. 
2. The angles C and D are both obtuse.The line segment CD is less than the line 
segment AB. 
3. The angles C and D are both acute.The line segment CD is greater than the line 
segment AB. 
 
In fact, the case 1 is implied by the parallel postulate and the other two cases are 
valid when the parallel postulate is false. So, Saccheri choose these two cases, when 
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the parallel postulate is false, and extended them using only the “self-evident” axioms 
of Euclid to derive the parallel postulate from each of them. If he had succeed to find 
any contradictions in each of the two cases, it would have meant that the fifth postulate 
was unnecessary. (Katz, Chapter 14) 
 
Saccheri’s Proposition VIII 
 
 
 
For some given triangle ABD with right angle B, extend DA to any point X and draw 
the line HAC through A and perpendicular to AB, the point H being with in the angle 
XAB.Then, the external angle XAH is equal to, or less, or greater than the internal and 
opposite ADB. (Katz, Chapter 14) 
 
Saccheri started his proof by proving that if either of the hypotheses is true for one 
quadrilateral, then its true for all. After that he began with assuming that AC is equal to 
BD and connecting CD, making quadrilateral ABCD. By the hypothesis of the right 
angle, CD = AB, following that ∠ADB =∠DAC = ∠XAH, the first case is proved. (That 
is because the angles C and D are both right angles and the triangle DCA and ABD 
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are SAS congruence.)  Using the second hypotheses for obtuse angles, CD < AB, then 
∠XAH = ∠DAC < ∠ADB by Elements I proposition 25 (Appendix 2). (Saccheri, 
proposition 8) 
 
 The third case is proven in the same way by saying CD > AB. After proving this 
hypothesis, statement about angles, follows that the converse is true by arguments 
nearly as brief. (Saccheri, proposition 25) 
 
As shown in the example above, Saccheri could not find any of the contradictions he 
expected. However, even though Saccheri didn’t discover Non-Euclidean geometry 
himself, his work offered a clue of Non-Euclidean geometry and a key to the other 
mathematicians. And they got closer and closer to the new discovery until change was 
inevitable for the whole mathematical world and for other scientific fields. (Bonola, 
chapter 4) 
 
  
24 
 
 
Chapter III Paradigm Shift 
Carl Friedrich Gauss(1777-1855) 
 
Carl Friedrich Gauss was a German mathematician. The first person who educated 
Gauss’s family of his talent was Wolfgang Bolyai, saying that young Gauss was gonna 
be the greatest mathematician in Europe. Later on Bolyai and Gauss became long 
term friend and exchanged many letters. When Carl started school, he was 
approached by his teacher, Buettner, after he showed incredible skills of summing, 
however, sadly, Buettner couldn't do any impact on Carl’s gift so he passed him away 
to his assistant, who was as well extremely interested in math and that was when Carl 
started working on mathematics.  
The first time Carl started criticizing Euclid’s theories was at age of twelve. The way 
how he looked at Euclid’s postulates wasn’t either proving it or trying to improve the 
parallel postulate, but was questioning its validity. In age of fifteen, Gauss was the first 
mathematician in history to accept that there are other geometrical space where the 
Euclid’s parallel postulate does not hold.  
Working with parallels, Gauss uses the idea of Corresponding Points on two 
parallels AA’, BB’.  Two points A, B are said to be corresponding, when AB makes 
equal internal angles with the parallels on the same side. (figure A) 
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Figure A                                                           Figure B 
 
 
Gauss working with Corresponding Points made the following theorems:  
i. If  A, B are two corresponding points upon two parallels, and M is the middle 
point of AB, the line MN perpendicular to AB, is parallel to two given lines, and 
every point on the same side of MN as A is nearer A than B. 
ii. If A, B are two corresponding points upon two parallels (1) and (2) and A’, B’ is 
two other corresponding points on the same lines, then AA’ = BB’, and 
conversely.  
iii. If A, B, C are three points on the parallels (1), (2) and (3), such that A and B, B 
and C, correspond, that A and C also correspond. 
 
Corresponding Points, when they are connected with three lines of a pencil (figure B), gives us 
definition of the circumscribed circle as the locus of the points on the lines of a pencil which 
correspond to a given point.   
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Gauss worked with non-Euclidean geometry by himself,having found the first 
evidence of proofs against Euclidean geometry around 1818. 
Later on, Gauss developed the fundamental theorems of a new geometry, called 
“Anti-Euclidean”, wich now we know as non-Euclidean geometry.  
 
While Carl was keeping his discoveries to himself, there were other two 
mathematicians working on the same idea. In 1823 Johann Bolyai, the son of Gauss’s 
friend, wrote his father about the non euclidean space he had discovered. Another 
mathematician Lobachevsky, who was tutored by Johann Bartels, had success in non 
euclidean geometry. The coincidence lays on the fact, that the people from whom the 
two mathematicians took inspiration. 
Later on Bolyai sent Gauss a letter of his son’s discoveries and in returning letter 
Gauss wrote that he have accomplished similar results in his calculations, but again, in 
spite of resistance of being in a center of conflict, he didn't take anything in public. Only 
after his death the non-Euclidean revolution began. (Mlodinow .(107-120)) 
Gauss had impact in other fields than non-Euclidean geometry, he worked with  
electricity and magnetism, number theory, astronomy and differential geometry.  
  
 
 
Nicolai Ivanovitsch Lobatchewsky(1793-1856) 
 
Nicolai studied mathematics at the University of Kasan. His mentor was a friend of 
Gauss, J.M.C.Bartel. He started his education in 1813 and then continued his career 
as an assistant and later as a professor. He lectured in mathematics, physics and 
astronomy. 
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Lobatchewsky started working on the Parallel postulate in 1815. At first he was 
trying to prove the fifth postulate as others tried, only in 1823  he looked at other kinds 
of geometry, the non-Euclidean. His first work on it was made public in 1826, at the 
lecture where he describes that the sum of angles in a triangle can be less than 180 
degrees and that two parallels can be drawn through a given point. 
Later on, he published memoir “On the Principles of Geometry”(1829-30), containing 
parts of his previous statements and applications of the theory and analysis. In his 
lifetime he published more than one article, after he published pieces like “imaginary 
Geometry”(1835), “New Principles of Geometry with a complete Theory of 
Parallels”(1835-38), “The Applications of the Imaginary Geometry to Some 
Integrals”(1826), “Geomerie Imaginaire”(1827) and a summary of his work called 
“Geometrische Untersuchungen zur Theorie der Parallelliniem”. The last of his work 
made before his death, was on exposition of his system of geometry, which he called “ 
Pangeometrie ou precis de geometrie fondee sur une theorie generale et rigoureuse 
des paralleles” (1855). (Bonola. (84-87)) 
Looking closer to his work in “Geometrische Untersuchungen sur Theorie der 
parallellinien”(1840), Lobachevsky states a group of theorems independent of the 
theory of parallels. He considers a pencil with vertex A and a straight line BC in the 
plane of the pencil, but not belonging to it.  Let AD be a line of the pencil which is 
perpendicular to BC and AE that perpendicular to AD. Originally, it says that there is no 
other lines intersecting A which do not cross BC, but Lobachevsky claims, that there is 
other lines like that. He uses definite direction parallelism to explain how it is possible, 
using lines k, h as a lines which separate the intersecting lines from non-intersecting 
ones.  
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Johann Bolyai(1802-1860) 
 
 
   Johann Bolyai was  a Hungarian officer in the Austrian army. From childhood 
Bolyai’s interest in mathematics was remarkable as that of his father, Wolfgangs 
Bolyai. 
Interest in Euclid’s axioms came to him quickly, especially Axiom XI. As he started 
his education in the Royal College for Engineers at Vienna, he started analyzing 
different assumptions made by Euclid. Bolyai shared his ideas with dear friend Carl 
Szasz, who often led him in the right direction. After Carl left, Johann worked alone 
and dedicated himself to constructing an absolute theory of space.  
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Bolyai shared his work with father and soon it was published as an appendix to the 
first volume of the Tentamen in 1832. His work's title was “A veritate aut falsitate 
Axiomatis XI, Euclidei, a priori haud unquam decidenda, independenyem: adjecta ad 
casum falsitatis quadrature circuli geometrica”, meaning “ The absolute true Science of 
Space exhibited; independently of the XIth Euclidean Axiom, being true or false; for the 
case of being false the geometric quadrature of the circle is supplemented. 
Afterwords Johanns father sent a letter to Gauss about his son’s discoveries and 
was very satisfied to hear from Gauss that he have came to the same conclusions. But 
Johanns reaction to the fact wasn’t the same, so later on he worked alone on solving 
the problems and that lead him to amazing discoveries and furnished a first set of 
formulas of Absolute Trigonometry. (Bonola. (96-113)) 
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Chapter IV New Normal Geometry 
 
Georg Friedrich Bernhard Riemann (1826-1866) 
  
 Gauss’s discovery was very important and had an impact on the future work of 
other mathematicians, including Riemann, a German mathematician who was a 
student of Gauss who went on to create a new general system of geometry. In 1854, 
Riemann presented the idea that space does not have to be infinite regardless of it 
being unbounded in his inaugural lecture entitled “Über die Hypothesen welche der 
Geometrie zu Grunde liegen” (On the Hypotheses which lie at the Foundation of 
Geometry) (Katz, Chapter 17.1.2, 17.2.3 & Wolfe, Chapter 3) 
  
 “In application of geometry to space in the large, we must distinguish between 
unboundedness in extent and infinitude in measure. That space is without boundary 
and three-dimensional is an empirical certainty that is continually reaffirming itself. (No 
matter how far we travel, we never encounter a boundary marking the end of space.) 
This, however, by no means implies that space is infinite (in total volume). From the 
assumed possibility of motion of bodies without distortion, (i.e., rigid motions) it follows 
only that space has constant curvature. However, this curvature could conceivably 
have a positive value, and though this value might be exceedingly small, space would 
nevertheless be curved and closed in on itself-like a three-dimensional analog of the 
surface of a sphere-and therefore finite.” (Faber, Chapter 3) 
  
 In this lecture, he suggested indirectly a geometry, which is well-known as an 
elliptic geometry today where there aren’t any two parallel lines and the internal angles 
of a triangle add to more than 180 degrees, contrary to Lobachevskii and Bolyai’s work 
on hyperbolic geometry. (Wolfe, Chapter 3) 
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After Riemann’s lecture, some mathematicians continued developing his idea. For 
example, Hermann von Helmholtz (1821-1894) in Germany, published a paper, “Über 
die Thatsachen die der Geometrie zu Grunde liegen” (On the facts that lie at the 
Foundations of Geometry), where he used his own interpretations of Riemann’s 
lecture. In his paper, he stated that in a three-dimensional manifold with constant 
curvature where the curvature is positive, we have spherical space and there are no 
parallels. If on the other hand, the curvature is zero, we have Euclidean space; if it is 
negative, we have pseudospherical space. (Katz, Chapter 17.2.4) 
 
 
 
Eugenio Beltrami (1835-1900) & Felix Klein (1849-1925) 
  
 Eugenio Beltrami, an Italian mathematician, contributed to show the consistency2 of 
non-Euclidean geometry  in 1868. According to Beltrami’s “Essay on the interpretation 
of non-Euclidean geometry”, a surface in Euclidean geometry is a pseudosphere. This 
space is a partial representation of Lobachevskian geometry. Beltrami succeeded to 
find the formula to measure the appropriate metric on this space and the connection 
between this metric and Lobachevsky’s trigonometric laws for non-Euclidean space. 
Looking at Beltrami’s work from a different perspective, in the Lovachevskian 
geometry, we can consider a space as a bounded circle and the straight lines in this 
                                               
2 Consistency: 
A system of postulates is called model consistent, or simply, consistent if there exists a 
model for the system. This implies that it is not possible to deduce from the system a theorem 
which contradicts a postulate or a previously deduced theorem. (Faber, Chapter 3) 
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geometry are the chords in this circle and the parallels intersect at the circumference, 
which represents the points at “infinity”. Now, we call this model “Beltrami-Klein model” 
(Katz, Chapter 17.2.5) 
  
 After Beltrami’s success, the way to calculate explicit distances between two points 
was established in 1872 by Felix Klein, a German Mathematician who is known as the 
author of the “Enzyklopädie der Mathematischen Wissenshaften”, an encyclopedia 
where all results and methods in mathematics till that time were collected. He used 
some ideas from projective geometry to supplement Beltrami’s aforementioned study. 
A similar model of Lobachevskian geometry was invented by Henri Poincaré (1854-
1912) in 1882; in this model, we can consider the space as a bounded circle similar to 
the one described above, but the straight line is an arc which is orthogonal to the 
boundary of the circle, and parallels intersect at the boundary which also represents 
the set of points at “infinity” (Katz, Chapter 17.2.5) 
 
 Finally, Klein put an end to the more than two thousand year-long argument 
surrounding the fifth postulate and existence of non-Euclidean Geometry. He proved 
that the validity of non-Euclidean geometry depends on the validity of Euclidean by 
using the above-mentioned models of Lobachevskian geometry. This means that if 
there are some contradictions in Euclidean geometry, then non-Euclidean geometry 
also has some corresponding contradictions. In other words, if the former is complete 
and has no contradiction as its believed to be, then it implies the same the latter. This 
is called “relative consistency” (Katz, Chapter 17.2.5, Faber, Chapter 3, Robin, Chapter 
7) 
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Non-Euclidean Geometry 
 
Non euclidean geometry itself contains two kinds of geometry, Elliptic geometry and 
Hyperbolic geometry. Both systems of geometry rest logically on all of Euclid’s 
definitions and premises except the parallel postulate, replacing it with alternative 
assumptions. 
 
Elliptic geometry is divided into two systems, in the first one, called single elliptic 
geometry, any two straight lines meet in a single point, which occurs on a 
hemispherical space. The system where lines cross in two points is called double 
elliptic geometry, and it occurs on a sphere. (Katz. chapter 7) 
 
The following definitions and results related to the sum of the internal angles of a 
triangle in spherical geometry are provided to exemplify the study of elliptic geometry:  
 
 Let R be a positive real number and denoted by S the set of all XR3 satisfying X۰X 
= R2 (a sphere of R). In spherical geometry, the “lines” are great circle, i.e. sections of 
S by planes through the origin. And the “angles” are the angles between the tangent 
vectors of each arcs, which are the lines in spherical geometry. (Roe, chapter 12, 
Faber, chapter 4) 
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 Let A,B and C be three points on the surface of the given sphere S. And α,β and γ are 
the angles between the tangent vectors to the arcs AB, BC, and CA at the vertices 
where they meet. Then, 
(The area of a spherical triangle with angles α,β and γ) = R2(α + β + γ - π) 
Let A’, B’ and C’ are the opposite points of A, B and C. Then, 
△ABC + △A’BC = 2αR2 
△ABC + △AB’C = 2βR2 
△ABC + △ABC’ = 2γ R2 
Adding above three equations, 
3△ABC + △A’BC + △AB’C + △ABC’ = 2R2(α + β + γ ) 
 
The triangles ABC, ACB’, AB’C’, and AC’B make up a hemisphere of area 2πR2. In 
addition, the triangle AB’C’ is opposite to A’BC. So both have same area. 
△ABC + △A’BC + △AB’C + △ABC’=2πR2 
Subtract above two given equations, 
2△ABC=2R2(α + β + γ - π) 
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△ABC=R2(α + β + γ - π) 
 
Moreover, since the area of spherical triangle is R2(α + β + γ - π), if the triangle has 
positive area, the sum of the triangles α + β + γ should be greater than π. (Roe, 
Chapter. 12) 
 
On the other hand, in hyperbolic geometry the sum of the internal angles of a 
triangle is less than 180 degrees. The shortest line between two points is a hyperbola 
and parallel lines always diverge at least in one direction. (Katz. chapter 3) 
 
The following definitions and results related to the sum of the internal angles of a 
triangle in Poincaré’s disk are provided to exemplify the study of hyperbolic geometry:  
  
      
 
The Poincaré-hyperbolic disk is defined in two dimensional space, with the 
hyperbolic metric . In this space, the line is an arc of a circle that perpendicular to the 
boundary of the disk. In this case, the area of triangle is known as  π-(α + β + γ) and 
the sum of three angles of a triangle is less than π. (Agricola, chapter 4) 
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The proof of sum of triangle angles in hyperbolic space: 
Let be a hyperbolic triangle in two dimensional hyperbolic space with positive angles  
and  be area of the hyperbolic triangle. Then 
 
 
For this proof, the following theorem will be used : 
Let be a hyperbolic asymptotic triangle3 with two vertices inside hyperbolic space 
and one vertex on the boundary circle. If  0 <  and 0 < β  are the angles in this triangle, 
then 
   
 
In this paper, the proof of above theorem will be not given because it is too complex. 
 
Proof 
Denoting the vertices of the triangle by First we have to extend the hyperbolic 
segment through the point with the boundary circle, afterwards and are two asymptotic 
triangles.  
Clearly,  
 
                                               
3 asymptotic triangle : a triangle with at least one of its vertices lying on the boundary circle in 
the hyperbolic plane. 
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 If  is the angle ∠(we can get formula: 
 
,   
 
Based on theorem of the asymptotic triangle,: 
with subtracting these expressions, we can obtain this claim directly. (Agricola,chr. 
4.5) 
 
Furthermore, the Cayley transform(Appendix 5) maps the interior of the unit circle 
onto the upper half hyperbolic plane. Ultimately, since this mapping preserve angles 
and the area of a triangle, the area of a triangle in the poincaré disk is exactly same as 
in the hyperbolic space.(Agricola, chapter 4.3) 
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Chapter V Application 
 
David Hilbert (1862-1943) 
  
 David Hilbert was one of the last universal mathematicians, and he did a 
remarkable contribution to mathematics: he attempted to set up a complete set of 
axioms from which Euclidean geometry could be derived. In his paper “Grundlagen der 
Geometrie” (Foundations of Geometry) published in 1899, which contained his lectures 
about non-Euclidean geometry at the University Göttingen in 1898-1899, he said “to 
choose for geometry a simple and complete set of independent axioms and deduce 
from these the most important geometrical theorems in such a manner as to bring out 
as clearly as possible the significance of the different groups of axioms and the scope 
of the conclusions to be derived from the individual axioms”. (Katz, Chapter 17.5.1) 
  
 At first, he began with three undefined terms; point, straight line and a plane, then 
he  defined the relationships between each by means of axioms. According to Hilbert, 
only the definitions of relationships between the terms should be axioms. In other 
words, any objects can be replaced by a point, line and plane as three basic undefined 
terms; even if they are a book, pencil and glasses, it doesn’t matter under the law of 
“multiplications” as long as these objects satisfy the groups of axioms. (Katz, Chapter 
17.5.1) 
  
 Hilbert suggested five axiom sets; the axioms of connection, of order, or parallels, of 
congruence and of continuity and of completeness. The seven axioms of the first group 
are the following: 
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(1) Not only two points determine a line, (2) but they determine precisely one line. 
(3)Three points not on the same line determine one (4) and only one plane. (5) If two 
points of a straight line lie in a given plane, then so does the entire line. (6) Any two 
planes that have a common point have at least a second common point. (7) The 
existence of at least two points on every straight line, three noncollinear points on each 
plane, and four noncoplanar points in space. 
 
After listing the seven axioms above, Hilbert noted that “two straight lines in a plane 
either have one point or no points in common and that two planes either have no point 
or a straight line in common.” (Katz, Chapter 17.5.1) 
 The third group of Hilbert axioms is a parallel axiom: “In a plane α there can be 
drawn through any point A, lying outside of a straight line a, one and only one straight 
line which does not intersect the line a.” (Katz, Chapter 17.5.1) 
  
 During this process, rebuilding new system of axioms for Euclidean geometry, 
Hilbert showed their consistency similarly to Klein’s work, which means that there 
doesn't exist any axiom in Euclidean geometry which can produce any contradictions. 
Furthermore, the important characteristic of his axiom system is independence, it 
means that there is no axiom which can be deduced from others. Hilbert’s axiom also 
possess completeness, which means that any statement can be shown to be either 
true or false when it is formulated within the system. Several mathematician showed 
that all theorems of Euclidean geometry could be proved under Hilbert’s axioms. (Katz, 
Chapter 17.5.2) 
 
 
The general theory of relativity 
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      In 1905 Albert Einstein developed his special theory of relativity and later on after 
10 years, he included acceleration in the theory and published his general theory of 
relativity in 1915. General Relativity is connected to non-Euclidean geometry, because 
it’s based on a curved space and in its mathematical foundations Einstein used 
Gauss’s coordinate system. The following statement corresponds to the basic idea of 
the general principle of relativity: "All Gaussian co-ordinate systems are essentially 
equivalent for the formulation of the general laws of nature." (Albert Einstein) 
In the general theory of relativity, he generalized the special theory of relativity and 
combined it with Newton’s law of gravitation.  
 
Itself the general theory of relativity is a cornerstone to modern physics and has 
opened new ideas and discussions about curved spacetime, gravitational waves and 
black holes. As such, this is an example of a world-shaking development in the natural 
sciences which was made possible by the mathematical development of non-Euclidian 
geometries. 
 
 
 
 
 
Discussion 
 
In this paper, the discovery of non-Euclidean geometry is described in terms of the 
notion of paradigm shift. In this process, the preceding question is: is it possible to 
apply this concept?’. Kuhn's paradigm shift theory is made with the natural sciences in 
mind. He provides an understanding of how scientific revolutions can be structured in 
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his book “Structure of Scientific Revolutions” (1962), but one can’t be sure if this 
structure is valid when applied to the discoveries and evolution of mathematics. 
Mathematics is usually set apart from the natural sciences for several important 
reasons: the subjects of study, the tools used in research and the lack of 
experimentation. However, the most important point of distinction is the basic structure 
of mathematics. Unlike the natural sciences, which are fallible and falsifiable, 
mathematics is often regarded as flawless and perfect, owing to its deductive structure. 
 Many important concepts in mathematics have been changed since Euclid's time, 
but the main logical structure of mathematics is and has always been same; the 
theorems which were valid in Euclid’s time are still valid now, only complemented by 
newer ones. The essential understanding of what axioms are and how to use 
postulates to build proofs has not changed in all the centuries of mathematical 
discovery; mathematicians still proof their new theorems and laws based on existing 
theorems and definitions. (Devlin, 2002) 
Mathematics is based on deductive thinking and logic. Instead of research projects 
and conclusions, there are propositions and proofs, and thus mathematics is 
considered to be different from other sciences due to the possibility to unequivocally 
prove its statements.  
 
There have been long discussions in departments of mathematics, where the 
question of whether math is at all a science has been brought up. According to Stefan 
Bilaniuk from the department of mathematics, Trent University, mathematics is in fact a 
science, but its not a natural science.  (Bilaniuk) 
However, there have been attempts to use the concept of paradigm shift before in 
mathematics, in the process of legitimization of the irrational numbers.(Matthew S, 
2012) After Kuhn’s book got published, naturally, there were a number of responses 
heard from mathematicians. Michael Crowe (1975) postulated that “Revolutions never 
occur in mathematics”. However, Kuhn had avoided any detailed discussion of 
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mathematics in his writing; thus, it was Crowe’s paper which actually triggered the 
debate around the existence of revolutions in mathematics. After his word, there came 
other mathematicians, like S. Joseph Dauben’s (1984) and Donald Gillies (1992), who 
questioned Kuhn’s paradigm shift application to mathematics and the relevance of the 
concept of scientific revolution in mathematics.(Matthew S, 2012) 
Furthermore, the definition of science itself changes continually, therefore its not 
certain that if one could apply Kuhn's paradigm shift to non-Euclidean geometry, that 
would be valid for further changes in mathematics. 
 
Conclusion 
 
 
Kuhn's paradigm shift is a good tool to describe historical events in science, and as 
Mathematics is by many considered a science, it is worth consideration to use Kuhn’s 
concept of paradigm shifts to describe the revolutions in Mathematics; in this case, the 
step from Euclidean geometry to non-Euclidean geometry. Analysing the path of 
discovery of non-Euclidean geometry, and matching the historical development of this 
discovery to the pattern of Kuhn’s paradigm shift, it is possible to analyse the impact 
this event had in mathematics. 
Kuhn's paradigm shift consists of a process change starting with a previous normal 
science - which in this case is Euclidean geometry -, an anomaly in the normal science 
- Euclid’s fifth postulate -, a crisis that gives rise to new paradigms - the failed efforts to 
prove the fifth postulate as a theorem of the other four, and the ideas of elliptic and 
hyperbolic geometry -, and ending with a new normal science - Hilbert’s non-Euclidean 
geometry. Seen this way, the whole process fits Kuhn’s paradigm shift concept quite 
snugly. 
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After the discovery of non-Euclidean geometry, the notion of geometry and the 
logical structure of mathematics were extended greatly. It is sufficiently reasonable to 
describe the discovery of non-Euclidean geometry as a revolution of mathematical 
history in paradigm shift’s perspective as the discovery gave an entirely different 
worldview (inside and outside mathematics) from the Euclidean system. Nowadays, 
people accept the fact that space can be curved. 
This change of thinking involves the change of the worldview in real life. In the 
history of mathematics, the discovery of non-Euclidean geometry was one of the major 
steps in science, not only in mathematics but also in other fields. And it has given new 
tools for the exploration of our planet and the Universe beyond it. 
This kind of revolutions in mathematics usually break a stereotype which has never 
been challenged before, like the impossibility of a negative or irrational number. In this 
case, what was debunked was the long and strong belief that space is flat. Rather than 
discussing infallibility in mathematics, it is better to interpret the mathematical 
revolution as enlargement of thinking and an elimination of prejudice. 
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Appendices 
 
Appendix 1: 
According to the Euclid’s “Elements”, the following are the definitions of all terms and 
the basic and fundamental ten assumptions, acceptable with human’s own intuition, to 
organize all in a logical structure: 
 
 The Definitions 
 
1.  A point is that of which there is no part. 
2. And a line is a length without breadth. 
3. And the extremities of a line are points. 
4. A straight-line is (any) one which lies evenly with points on itself. 
5.  And a surface is that which has length and breadth only. 
6. And the extremities of a surface are lines. 
7.  A plane surface is (any) one which lies evenly with the straight-line. 
8.  And a plane angle is the inclination of the lines to one another, when two lines 
in a plane meet one another, and are not lying in a straight-line. 
9.  And when the lines containing the angle are straight then the angle is called 
rectilinear. 
10. And when a straight-line stood upon (another) straight-line makes adjacent 
angles (which are) equal to one another, each of the equal angles is a right-
angle, and the former straight-line is called a perpendicular to that upon which it 
stands. 
11.  An obtuse angle is one greater than a right-angle. 
12. And an acute angle (is) one less than a right-angle. 
13. A boundary is that which is the extremity of something. 
14.  A figure is that which is contained by some boundary or boundaries. 
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15. A circle is a plane figure contained by a single line [which is called a 
circumference], (such that) all of the straight-lines radiating towards [the 
circumference] from one point amongst those lying inside the figure are equal to 
one another. 
16.  And the point is called the center of the circle. 
17. And a diameter of the circle is any straight-line, being drawn through the center, 
and terminated in each direction by the circumference of the circle. (And) any 
such (straight-line) also cuts the circle in half. 
18. And a semi-circle is the figure contained by the diameter and the circumference 
cuts off by it. And the center of the semicircle is the same (point) as (the center 
of) the circle. 
19.  Rectilinear figures are those (figures) contained by straight.line: trilateral figures 
being those contained by three straight-lines, quadrilateral by four, and 
multilateral by more than four. 
20.  And of the trilateral figures: an equilateral triangle is that having only two equal 
sides, and a scalene (triangle) that having three unequal sides. 
21. And further of the trilateral figures: a right-angled triangle is that having a right-
angle, an obtuse-angled (triangle) that having an obtuse angle, and an acute 
angled (triangle) that having three acute angles. 
22.  And of the quadrilateral figures: a square is that which is right-angled and 
equilateral, a rectangle that which is right-angled but not equilateral, a rhombus 
that which is equilateral but not right-angled, and a rhomboid that having 
opposite sides and angles equal to one another which is neither right-angled nor 
equilateral. And let quadrilateral figures besides these be called trapezia. 
23.  Parallel lines are straight-lines which, being in the same plane, and being 
produced to infinity in each direction, meet with one another in neither (of these 
directions). (Euclid, vol.1) 
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Appendix 2: Elements I. proposition 25. 
 If two triangles have two sides equal to two sides, respectively, but (one) has a 
base greater than the base (of the other), then (the former triangle) sill also have the 
angle encompassed by the equal straight-lines greater than the (corresponding)angle 
(in the latter). (Euclid I. 25) 
 
 Let △ABC and △DEF be two triangles which have the two sides AB and AC are equal 
to the two sides DE and DF respectively. So, AB=DE, and AC=DF. And let the base 
BC be greater than the base EF, BC>EF. 
 
 Claim : ∠BAC is also greater than ∠EDF. 
 
 For if not, ∠BAC is either equal to, or less than ∠EDF. At first, suppose ∠BAC is equal 
to ∠EDF. For then, the base BC would also have been equal to the base EF [Prop. 
1.4] (Appendix 3). But it is not. Thus, ∠BAC is not equal to ∠EDF. Secondly,  ∠BAC 
less than ∠EDF. For then, the base BC would also have been less than the base EF 
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[Prop. 1.24](Appendix 4). But it is not. Thus, ∠BAC is not less than ∠EDF. But it was 
shown that ∠BAC is not equal to ∠EDF either. Thus, ∠BAC is greater than ∠EDF. 
 Thus, if two triangles have two sides equal to two sides, respectively, but one has a 
base greater than the base of the other, then the former triangle would also have the 
angle encompassed by the equal straight-lines greater than the corresponding angle of 
the latter. (Euclid I. 25) 
 
Appendix 3: Elements I. proposition 4 
If two triangles have two sides equal to two sides, respectively, and have the 
angle(s) enclosed by the equal straight-lines equal, then they will also have the base 
equal to the base, and the triangle will be equal to the triangle, and the remaining 
angles subtended by the equal sides will be equal to the corresponding remaining 
angles. 
 
Appendix 4: Elements I. proposition 24 
If two triangles have two sides equal to two sides, respectively, but (one) has the 
angle encompassed by the equal straight-lines greater than the (corresponding) angle 
(in the other), then (the former triangle) will also have a base greater than the base (of 
the latter). 
 
Appendix 5: Cayley transform 
 This is the a special fractional linear transformation from PSL(2,C) define by the 
formula, resp. by the matrix, 
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The important property of the Cayley transform is that it maps the interior of the unit 
circle onto the upper half hyperbolic plane. Since  it is enough to prove that the 
boundaries of the corresponding sets are mapped to one another under C. 
(Agricola, chapter 4.3) 
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